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Summary 

The most commonly used statistical process control charts to detect special causes are Shewhart and 

Cusum charts. However, the Cuscore chart is a contemporary alternative that is especially well 

suited for detecting special causes that can be modeled in advance based on their characteristic 

effect on the system. In this paper, we develop the appropriate Cuscore statistic and the required 

control limits to detect a mean shift in a seasonal time series process. The work is motivated by an 

application involving blood platelet orders placed with the Red Cross. We also compare the 

performance of the Cuscore chart to the Cusum chart in this application and find that the 

performance of the Cuscore, in terms of time to signal the special cause, is better than the Cusum 

chart. We find that this result holds even when faced with the mismatch problem which pertains to 

the compatibility between the actual and expected information that the Cuscore statistic is 

predicated upon.  
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1. INTRODUCTI ON  

Seasonal time series models can represent a wide variety of business and economic processes. 

A few examples include demand for airline tickets, demand for energy, demand for alcoholic 

beverages, demand for movie tickets and so on. Our investigation focuses on how to detect a special 

cause or signal in a seasonal time series model. In particular, we are faced with the problem of 

monitoring daily blood plateletà orders placed with the Red Cross which indeed has a seasonal 

cycle. The practical goal is to detect a mean shift in the process as an indicator that demand has 

risen or fallen. This information is critical to Red Cross managers, as it indicates a need to request 

more donors or place orders for more blood with a regional blood bank. A distinction of this 

problem is that the step shift, although a special cause, is a characteristic of the system. That is, 

from time to time, shifts in the mean of the process occur due to natural disasters, weather 

emergencies, holiday travel, and so on.  

To detect a special cause in a process, statistical process control (SPC) charts are traditionally 

used. If the data are independent, Shewhart and Cusum charts are applied on the original data. If the 

data are autocorrelated, these charts are applied on the residuals after modeling the original data 

using a time series model (e.g., see Alwan and Roberts2; Berthouex, Hunter and Pallesen3; Harris 

and Ross4; Lin and Adams5; Vander Wiel6; Wardell, Moskowitz, and Plante7). The Cuscore chart 

(the name was shortened from Cumulative score chart) proposed by Box and Ram’rez8 has become 

another choice for detection. 

Box and Ram’rez suggested that a Cuscore chart is ideally suited for detecting special causes 

that are characteristic of (or peculiar to) a monitored system. The idea is that in many cases, we 

build a practical or engineering knowledge about the nature of the process deviations, although we 

                                                
à If, for some unexpected reason, sudden blood loss occurs, the blood platelets kick into action. Platelets are irregularly-shaped, colorless 
bodies that are present in blood. Their sticky surface lets them, along with other substances, form clots to stop bleeding (Franklin Institute 
Online (2004)1). 
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may not know exactly when the problem may happen. Nevertheless, we can use this information to 

devise monitoring procedures that are especially sensitive to deviations of that type. Box and 

Ram’rez suggested that this directed monitoring approach will be more sensitive than the traditional 

procedures for detecting special causes that are of the anticipated type.   

Given the structure of characteristic shifts in our Red Cross application, directed monitoring is a 

natural choice. An open question, however, is how should the Cuscore chart, which was originally 

proposed for non-seasonal time series, in fact be extended for the case of seasonal time series. This 

is the main contribution of this paper.  

Accordingly, in Section 2 we develop a seasonal model for the data and show the characteristics 

of the residuals after fi tting the model. In Section 3, we derive the Cuscore statistic and control 

limits for the Cuscore charts to detect a mean shift in a seasonal model. We also motivate the 

problem of a mismatch between data residuals and the Cuscore detector. In Section 4, we develop a 

method for detecting the mean shift in the presence of a mismatch. In Section 5, we compare the 

detection ability of the Cuscore chart with Cusum chart. In Section 6 we make concluding remarks.  

 

2.  REPRESENTATI ON OF THE RED CROSS DATA BY A MULTI PLICATIVE  

SEASONAL MODEL 

Figure 1 shows the actual time series data on the demand for platelets from the Red Cross from 

January 2002 to August 2002 and the smooth curve of the data. The smooth curve suggests that 

mean of the series has shifted down during the data collection period.  It is easy to visually identify 

the mean shift in this series. However, it is diffi cult to conclude that it is a mean shift as it is 

unfolding. This is the main issue: we want to detect the mean shift as soon as possible in real time. 

In order to detect a mean shift in seasonal autocorrelated data, we must use an appropriate time 

series model of the original data.  
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2.1 Seasonal Processes 

 The logical extension of the seasonal AR process of order P and MA process of order Q with s 

observations per season can be represented by 

                 QstQsststtPstpststt YYYY !!!!!! !!!!++++= "#"#"#"$$$ ...... 221221 ,               (1) 

where the i!  are the seasonal autoregressive parameters and the i!  are the seasonal moving 

average parameters. In terms of the backshift operator (B), stt
s YYB != , (1) can be written as 
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where )( s

P
B!  and )( s

Q B!  are polynomials in sB of degree P and Q, respectively. This is a 

seasonal ARMA(P,Q)s model.  

 More generally, the series }{ tY  could be nonstationary. This can be treated by introducing an 

appropriate degree of seasonal diff erencing.  Let )1( s
s B!="  be the seasonal diff erence operator. 

In general, D seasonal diff erences may be required to produce a stationary series. Then the seasonal 

difference operator of order D is DsD

s
B )1( !=" , and the general form of the seasonal 

autoregressive integrated moving average model of order P, D, Q, is  

         t
s

Qt
D
s

s
P BYB !)()( "=#$                   (2) 

This is often called an ARIMA (P,D,Q)s model.  

Unfortunately, observations in (2) are dependent only at multiples of seasonal lag. That is, 

observations within the season are independent. Box and Jenkins propose that this is unrealistic and 

introduce a correlative structure between observations within a season by letting the noise input 

}{ t! to (2) be represented by a second model  
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tqt
d

p aBB )()( !="# $                                                 (3)  

where }{ ta is a white noise process, and )(Bp!  and )(Bq! are polynomials in B of order p and q, 

respectively. Substituting (3) into (2), we obtain 

                                                     t
s

Qqt
D
s

ds
Pp aBBxBB )()()()( !"=##$%                            (4) 

Equation (4) is called a multiplicative seasonal model of order sQDPqdp ),,(),,( !  (see 

Montgomery, Johnson, and Gardiner9). 

 

2.2 Time Series Model Building  

 We use the portion of the data from January 2002 to February 2002 (see Figure 2a) to find an 

appropriate model for the overall process. We selected this period because it occurs prior to the 

mean shift (which would influence the estimated value of the coeffi cients in time series model). To 

use this model with the process, we make two assumptions. First, we assume that the demand 

process of platelets has the same model when it is in control. Secondly, when there is no mean shift, 

we assume the variance of the residuals from the time series model is known and constant. We 

follow the Box and Jenkins10 three-step model building process of model identifi cation, model 

fi tting, and diagnostic checking. We use Minitab¨  to facilitate the model building.  

Model Identification  

From the time series plot of the data, we find a weekly cycle which means that the pattern of  

Monday through Sunday is similar every week. For our data, the behavior of the autocorrelation 

function (ACF) (Figure 2b) and the partial ACF (PACF) (Figure 2c) also confi rm that this series is 

seasonal. 

  The ACF and PACF of seasonal differences (Figures 2d and 2e) suggest an ARIMA (1, 0, 0) !  

(0, 1, 1) model. The reason is that at low lags, the PACF tends to cut off after lag 1, suggesting the 
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AR(1) part of model. But there also is a spike in the ACF at the seasonal lag 7, suggesting the 

seasonal MA. Consequently, the identifi cation stage suggests an ARIMA (1, 0, 0) !  (0, 1, 1)7 

seasonal model.  

Model Fitting  

We estimate the parameters in the identifi ed model as given by  

 

� 

Yt = ! 0.281Yt! 1 +Yt! 7 +0.281Yt! 8 + at ! 0.833at! 7  (5) 

where  tY   is an observation at time, ta  is independent and identically distributed (iid) with mean 0 

and variance

� 

!
a

2 . We refer to (5) as the reference model of the seasonal time series data.  

Diagnostic Checking  

In general, we believe that the fi tted model is appropriate when the residuals from the fi tted 

model behave like white noise. For our data, the ACF of the data from January to February indeed 

indicates a good model fi t, with white noise residuals as seen in the fi rst 60 observations of Figure 

2f.  

 

2.3.   Using the Time Series Model for the Entire Series 

In preparation of the next section it is informative to also consider the residuals from our fi tted 

model over the entire data collection period. Notice that in the time series plot of the original data 

(Figure 1), the mean shift manifests as a step function in the smooth curve, i.e., it starts at a level of 

approximately 140, then at time 65, steps down to a level of approximately 70 and stays at that 

level. However, as shown in Figure 3, the residuals from the fi tted model, the mean shift downward 

still occurs at time 65, but gradually tends back up to zero. This time-varying mean of the residuals 

has the same pattern as what is referred to as the fault signature. This pattern depends on the 

characteristics of ARIMA model and corresponds to the suitability of the model for forecasting 
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(e.g., see Apley and Shi11, and Hu and Roan12). We will discuss the concept of the fault signature 

further in the next section as we develop the needed Cuscore statistics. 

 

3.  CUSCORE CHARTS 

As discussed in the introduction, Box and Ram’rez8 proposed a Cuscore chart to identify suspected 

deviations known to be characteristic of (or peculiar to) the monitored system. In this section, we 

build upon their work to develop the Cuscore statistic for detecting a mean shift in a seasonal time 

series. We include discussion of the mismatch problem which pertains to the compatibility between 

the actual and expected information upon which the Cuscore statistic is predicated . We also 

provide our simulation procedure for determining the control limits.  

 

3.1. Cuscore Statistics  

Box and Ram’rez8 suggested that if a model can be expressed in the form 

 

� 

a
i
= a

i
(y

i
,x

i
,! )       

� 

i =1,2,...,t          (6) 

where the iy are observations, the ix  are known quantities, 

� 

!  is some unknown parameter, the ia Õs 

are independent normal random variables with mean and variance 2
a! (i.e., white noise). 

� 

!  is 

known and does not depend on 

� 

! , then the log likelihood is given by 

� 

l = !
1

2" 2
ai

2 +c,
i=1

t

#  

where c is a constant that does not depend on 

� 

! . 

Following Fisher13, the effi cient score statistic is obtained from (2) by diff erentiating with 

respect to !  at 0!! = . Thus 

� 

! l
! " " =" 0

=
1

# 2
a
i0di

i=1

t

$    with      

� 

di = !
" ai

" # # =#0
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where the null values, 0ia , are obtained by setting 0!! = in  (2). We say that  

 i

t

i

i daQ !
=

=
1

0
                                                      

is the Cuscore associated with the parameter value 

� 

! =!
0
, and 

� 

di  is the detector. Introducing the 

reference value ik , the Cusocre statistic becomes 

                                                             i

t

i
ii dkaQ !

=

"=
1

0 )(  (7) 

The appropriate reference value ik  can be represented by 2/ii dk != , where !  is the a mean shift 

magnitude of particular interest (see Box and Ram’rez14). However, the Cuscore chart might be run 

without the reference value by simple taking 0=
i
k  (see Luce–o15). Box and Luce–o16  show that 

the Cuscore statistic is looking for a specifi c signal 

� 

f  which is presented when 
0

!! = .  

     The appropriate equation for calculating Cuscore statistics to detect a mean shift in the data is 

derived from the construction of the seasonal time series model.  In this derivation, it is convenient 

to use the backshift notation as commonly done in time series modeling. Accordingly, we express 

our reference model in (5) as  

 

� 

(1+0.281B)(1! B7)Yt = (1! 0.833B7)at                          (8) 

If we let 281.0!="  and 833.0=! , we can express (8) more generally as    

   

 tt aBYBB )1()1)(1( 77 !" #=## .                 (9)                                          

Note that we can write (9) in terms of the observations or white noise as  

                                          tt a
BB

B
Y

)1)(1(
)1(

7

7

!!
!

=
"

#
                                           (10) 

or,      
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#
##
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We use the model in (11) to derive the Cuscore statistic as follows.  

According to Apley and Shi11, when there is a mean shift, the autocorrelated process is given by                   

 

� 

Z
t
=Y

t
+µf

t
  (12) 

where µ  is the magnitude of the fault and tf  is a deterministic mean shift fault of unit magnitude 

occurring in the original data and has the form 

� 

ft =
0,t < t0

1,t ! t0

"  

# 

$ 

 

where 

� 

t0  is the time of occurrence of the mean shift. The residuals of a process with a mean shift as 

given by (12) are denoted by 

� 

et  which has the same pattern as 

� 

at in (11). Therefore, the equation for 

� 

et  is  

 
tt
Z

B
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e

)1(
)1)(1(

7

7

!
"

#
##

= .       (13) 

From (11), (12), and (13), we get  

               ttt fae
~

µ+=           (14) 

where 

tt f
B

BB
f

)1(
)1)(1(~

7

7

!
"

#
##

$ . 

We refer 

� 

÷ f t  as the fault signature, which represents the time-varying mean of the residuals. For our 

seasonal model, the corresponding fault signature is 
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where

� 

n = 0,1,2,...,! ; 

� 

m=1,2,...,6; and t0 is the actual time of the mean shift.  

The fault signature plays an important role in determining Cuscore statistics. For our model, we 

would like to detect the change in parameter µ  from a nominal value of 0=µ . Using (14), we 

obtain the residuals from our model by setting 0=µ : 

ttt eea ==
=00 µ

. 

From (14), the detector to detect a mean shift in our model is 

 

� 

dt =
! at 0

! " " =" 0

=
! et

! µ
µ =µ 0

= ÷ f t .          (16) 

When we know the time of the mean shift, there is a match between the residuals and the detector 

and we use t0 in the calculation of 

� 

÷ f 
t
. When we do not know the time of the mean shift, there is a 

mismatch between the residuals and the detector; in this case we make the estimate 

� 

ö t 0  and write the 

fault signature as

� 

˜ f ̂ t . (When 00
ö tt = then 

� 

÷ f t =

� 

˜ f ̂ t .) Thus, in general, the Cuscore for monitoring a 

mean shift in our process is given by  

ttt fkeQ ö

~
)( !="        or    ttttt fkeQQ ˆ1

~
)( !+= !  

where   0
0

=Q . 

In order to detect a positive mean shift, we have 

 )
~

)(,0max( ö1 ttttt fkeQQ !+=
+

!
+   (17a) 

and in order to detect a negative mean shift, we have  
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 )
~

)(,0min( ö1 ttttt fkeQQ ++= !

!

!   (17b)                                               

where 

� 

Q0
+,Q0

!  are both zero.  

 

3.2.  The Control Limit (h) for the Cuscore Chart 

The Cuscore chart signals an out of control condition when in (17a) and (17b), +

!1tQ > h or 

!
! 1tQ < -h, respectively where h is the control limit. The length of time that chart signals an out-of-

control condition after the real occurrence of a mean shift is called the run length. Through repeated 

simulation trials, the average run length (ARL) is determined.    

For our Red Cross investigation, we selected 500 as our desired in-control ARL, which means 

that for an in-control process we allow on average one false alarm in every 500 observations. Our 

general simulation approach (implemented using SAS¨ ) uses the following four steps.  

i) Generate an ARIMA (1, 0, 0) !  (0, 1, 1)7  series. Specifi cally, we generate realizations 

of 

� 

Yt  in (5) for 1000 observations.  

ii) Obtain the residuals from the time series model according to (11). (These residuals 

should behave like a white noise sequence.) 

iii) Calculate the Cuscore statistic using (17). At this point, we will have a Cuscore chart 

for one series.  

iv) Repeat steps i), ii), and iii) 10,000 times. Select the control limit h that gives an in-

control ARL of 500 for these 10,000 repetitions.  

In step iv, we use the repeated trials to converge on the control limit, h. Finally, we obtain the 

threshold that causes the Cuscore chart to signal at time 500 on average, and we use this threshold 

as a control limit to detect the mean shift.  
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4.   DETECTING A MEAN SHI FT I N SEASONAL TIME SERIES  

Now that we have established the Cuscore modeling approach, we return to our case study data. 

As mentioned in the introduction, Red Cross does realize that from time to time, a mean shift will  

occur in the process. Events such as weather emergencies will cause a dramatic increase in the 

number of blood platelets ordered. There may also be more subtle, but nevertheless important, 

changes in the order level.  

To monitor this process using the Cuscore statistic, the time of the mean shift is incorporated 

into the fault signature (15) and hence into the Cuscore statistic (17). The best-case scenario is that 

we predict the time of occurrence of the mean shift at exactly the time that it really occurs, that is 

� 

ö t 0 = t0. In such a case, there will be a match between the residuals and the detector, making the use 

of the Cuscore straightforward. In reality, however, we are unlikely to have prior information on 

when the mean shift will occur or, in other words, when there will be a difference in the level of 

platelets ordered. Consequently, in the determination of the Cuscore statistic there will be a 

mismatch between the detector and the residuals. In the presence of a mismatch the application of 

the Cuscore becomes challenging. We investigate both the match and mismatch cases in this 

section. 

 

4.1. Detection in the Case of a Match  

The fi rst step is to calculate the Cuscore statistic. For the purpose of the investigation, we 

construct the Cuscore charts with 0=
t
k  and 2/

~
tat fk !=  by assuming that the mean shift 

magnitude in our interest is one standard deviation of the white noise process )(
a

! in the later case. 

The calculations of the Cuscore statistics when 0=tk  are shown in Table 1. Note that 

� 

Qt
!  is for 

detecting a negative mean shift (as we expect in this particular situation). Using the simulation 

procedure discussed in Section 3.2, we determine that the control limits are approximately 188 and 
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Ð188 to detect positive and negative mean shift. As shown in Figure 4, the Cuscore chart signals a 

negative mean shift at observation 67, just two time periods later than the actual occurrence. Note 

that the Cuscore chart with tt fk
~

)2/(!=  detect a negative mean shift at time 66, just one time 

later than the actual occurrence. 

 

4.2.  Detection in the Case of a Mismatch  

If we do not have any information on the time of the mean shift, in terms of mismatch, the 

worst-case scenario happens when we align the residuals from the time when the mean shift just 

occurs with the lowest possible values of the fault signature. Our approach to address this problem 

is to reset the detector. The time period interval for resetting the detector depends on the 

characteristics of the model. For example, since our case study is seasonal model with weekly cycle, 

we should reset the value of the detector on a multiple of weeks. Note that we refer to this time 

period interval as a reinitialization cycle. 

Specifi cally, we chose to reset or reinitial the values of detectors every eight weeks, or the 

reinitialization cycle is eight weeks, in order to balance the interests of avoiding too many 

recalculations of the detectors while still detecting the mean shift that is important to the Red Cross.  

As the result, there are 56 possible alignments according to the number of days for each 

reinitialization cycle. Among these 56 cases, the Cuscore chart with 0=tk  for the worst case 

mismatch indicates the negative mean shift at observation 73, eight time periods later than the 

actual occurrence. This Cuscore chart is shown in Figure 5. On the other hand, the Cuscore chart 

with ti fk
~
)2/(!=  for the worst case mismatch also indicates the negative mean shift at 

observation 73, eight time periods later than the actual occurrence. 
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5.  COMPARISON TO THE CUSUM CHART 

In the previous section, we showed that for our case study data, the Cuscore chart with 0=tk  

could detect the process mean shift after just two time periods when there is a match between the 

residuals and detector, and in eight periods when there is a mismatch (worse-case scenario). At the 

same time, the Cuscore chart with tt fk
~

)2/(!=  could detect the process mean shift after just one 

time period when there is a match between the residuals and detector, and in eight periods when 

there is a mismatch (worse-case scenario). A natural follow-up question, is how the Cusum chart 

would compare under the same circumstances, since it is more commonly used to detect a mean 

shift.  

To calculate the Cusum statistic, we use  

                 

� 

S = (et ! ks)"   or 

� 

St = St!1 +et ! ks 

where sk is the reference value for the Cusum chart.  

For this study, we set the value of  ks  to zero because the steady state value of the residuals is 

zero (see Shu, Apley, and Tsung17). In order to detect a positive mean shift, we have 

                        ),0max( 1 ttt eSS += +
!

+    

and in order to detect a negative mean shift, we have  

                        ),0min( 1 ttt eSS += !
!

!     

where 

� 

S0
+,S0

!  are both zero. 

We generate the Cusum chart following the same method as used (and described in Section 3.2) 

to create the Cuscore chart. In case that the reference value is set to zero, we determine that control 

limits of 720 and Ð720 to detect positive and negative mean shift, respectively, will give an in-

control ARL of 500. The Cusum chart in Figure 6 indicates a negative mean shift at observation 75, 

ten time periods later than the actual occurrence.  
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6.   DISCUSSION AND CONCLUSION 

The Cuscore chart is a powerful tool for detecting process upsets with characteristics that are 

known in advance. In this paper, we developed the appropriate Cuscore statistic for a seasonal time 

series model. We were motivated by an application involving the demand for blood platelets 

ordered from the Red Cross. We built a model for the data set we were provided and found that it 

indeed had a seasonal cycle. We applied the Cuscore chart to this data found that it performed well  

in detecting a mean shift.  

An important component of this development is to address the mismatch problem. We note that 

there are other investigations in nonseasonal time series where the mismatch is not an issue because 

the time of a shift is assumed to be approximately known. For example, Luce–o15 assumes that the 

number of suspected periods at which the signal may appear is small and known in advance, so that 

the Cuscore chart is started when any suspected period is reached (such as may be the case when a 

new batch enters the process). Shu et al.17 address the mismatch problem (again for nonseasonal 

time series) using a so-called triggered Cuscore, that uses future observations of the time series to 

make a decision in the current period. In our development, we allow for a mismatch and enable the 

Cuscore by resetting the detector. This allows our approach to be used in real time (as opposed to 

requiring future observations) without requiring information on the time of the signal. In this era of  

increasing on-line data collection, we believe these results offer an important step forward for 

process monitoring.  

In future work, we may be able to secure more data on the process (or a similar process) to 

investigate how well our model works during other periods. Nonetheless the current results indicate 

the merit of continuing the line of investigation using other types of seasonal models (such as those 

with higher order or those with other types of seasonality). This will open the possibility of 

generalizing the results to detect the fluctuation in demand process other business and economic 
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purposes. In addition, this method will be useful for improving industrial processes that depend on 

forecasted demand of time series data.  
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