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Summary
The most commanly used statistical process control charts to detect special cawsesare Shewhart and
Cusum charts. However, the Cuscore chart is a contemporary alternative that is eecially well
suited for detecing special cawses that can be modeled in advance based on their charactristic
effect on the system. In this paper, we develop the appropriate Cuscore statistic and the required
control limits to detecta meanshift in a sea®nal time series proces. The work is mativated by an
amlicaton involving blood platelet orders placed with the Red Cross. We also compare the
performarce of the Cuscore chart to the Cusum chart in this applicaion and find that the
performarce of the Cuscore, in termsof timeto signal the special cawse, is better than the Cusum
chart. We find that this reault holds even when faced with the mismatch problem which pertains to
the compatibility between the actual and expecked informaton that the Cuscore statistic is

pred cated upon.
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1. INTRODUCTION

Seasnal time series models canrepresen a wide variety of business and ecahnomic proceses
A few examples include demard for airline tickets, demard for energy, demard for alcoholic
beverages demand for movie tickets and so on. Our invegigation focuseson how to detecta special
cauwse or signal in a sea®nal time series model. In particular, we are faced with the problem of
monitoring daily blood platelet‘;’1 orders placed with the Red Cross which indeed has a seasonal
cycle. The practical goal is to detect a meanshift in the proces as anindicabr that demard has
risenor fallen Thisinformaton is critical to Red Cross maragers, asit indicatesa needto requed
more donors or place orders for more blood with a regonal blood bark. A distinction of this
problem is that the step shift, although a special calse, is a characteristic of the system That is,
from time to time, shifts in the mean of the process occur due to natural disasers weaher
emegercies holiday travel, and so on.

To detect a special cause in a process, statistical proces control (SPC) charts aretradtionally
used If the data areindeperdert, Shewhart and Cusum charts areapplied on the original data. If the
data are auocorrelated, these charts are applied on the redduals after modeling the original data
using a time series model (eg., see Alwan and Roberts’; Berthouex, Hunter and Paleser?; Harris
and Ross®; Lin and Adams’; Varder Wiel®; Wardell, Moskowitz, and Plarte”). The Cuscore chart
(the name was shortered from Cumulative score chart) proposed by Box and Ram'reZ hasbecome
armother choice for detecion.

Box and Ram'rez suggedged that a Cuscore chart is idealy suited for detecing special cawses
that are charactristic of (or pecdiar to) a monitored system. The ideais that in mary cages we

build a practical or engineering knowledge about the nature of the process deviations, although we

a If, for some unexpected reason, sudden blood loss occurs, the blood platelets kick into action. Platelets are irregularly-shaped, colorless

bodies that are present in blood. Their sticky surface lets them, along with other substances, form clots to stop bleeding (Franklin Institute
Online (2004)").



may not know exactly when the problem may happen Nevertheless, we can use this information to
devise monitoring procedures that are eecially sensitive to deviations of that type. Box and
Ram’'rez suggegedthat this directed monitoring approach will be more sersitive thanthe tradtional
proceduresfor detecing special cawsesthat are of the anticipatedtype.

Giventhe structure of characteristic shiftsin our RedCross applicaion, direcied monitoring isa
natural choice. An open quegion, however, is how should the Cuscore chart, which wasoriginally
proposed for non-sea®nal time series in fact be extended for the case of sea®nal time series This
isthe main contribution of this paper.

Accordingly, in Secton 2 we develop a sea®nal model for the data and show the characeristics
of the redduals after fitting the model. In Section 3, we derive the Cuscore statistic and control
limits for the Cuscore charts to detect a mean shift in a sea®nal model. We also mativate the
problem of a mismatch betweendata redduals and the Cuscore detecor. In Secton 4, we develop a
method for detecing the meanshift in the presence of a mismatch. In Section 5, we compare the

detecton ahility of the Cuscore chart with Cusum chart. In Section 6 we make concluding remarks.

2. REPRESENTATION OF THE RED CROSSDATA BY A MULTIPLICATIVE
SEASONAL MODEL

Figure 1 shows the actual time series data on the demand for platelets from the Red Cross from
Jarnuary 2002 to August 2002 and the smooth curve of the data. The smooth curve suggeds that
meanof the serieshas shifted down during the data collection period. It is eay to visually idertify
the meanshift in this series Howevwer, it is difficult to conclude that it is a mean shift asit is
unfolding. This is the main issue: we wart to detect the meanshift assoon aspossible in real time.
In order to detect a meanshift in sea®nal auocorrelated data, we must use an appropriate time

seriesmodel of the original data.



2.1 Seasonal Proceses
The logical extersion of the seasonal AR process of order P and MA process of order Q with s

observations per season canbe represrted by

Yt = $1Yt + $2Yt!25 Tt $pY£! Ps + "t I #lnt! S I #2"t!25 I ' #Qs”t!Qs’ (1)

I's

where the /. are the sea®nal auoregessive paranekers and the /. are the sea®nal moving

average parameters In termsof the backshift operator (B), B®Y, =,

i s+ (1) canbe writtenas

(1$#B°$#,B*$..$#,B™)Y, =(1$",B°$",B*$..$ " B¥)/,
or
#o(B)Y, =" (B%)/,
where A,(B") ard ! ,(B®) are polynomials in B®of degee P and Q, regecively. This is a
sea®nal ARMA(P Q)smodel.

More gererally, the series{Y,} could be nonstationary. This canbe treaed by introducing an
appropriate degreeof seamnal differercing. Let V. = (1— B®) bethe sea®nal differerceoperaor.
In gereral, D sea®nal diff erercesmay be requiredto produce a stationary series Thenthe sea®nal
difference operator of order D is " ? =(1! B*)”, and the gereral form of the seasnal
auoregessive integated moving average model of orderP,D, Q, is

Ap(B)VLY, =T, (B%)e, 2)

Thisisoftencaledan ARIMA (P,D,Q)smodel.
Unfortunately, observations in (2) are dependent only at multiples of sea®nal lag That is,
observations within the sea®n areindependent. Box and Jerkins propose thatthisis unrealistic and

introduce a correlative structure between observations within a season by letting the noise input

{&,} to (2) berepresentedby asecand model



@, (B)Ve, =0,(B)a, )
where {a,} is awhite noise proces, and ! (B) and ! (B)arepolynomialsin B of orderp and g,
regectively. Substituting (3) into (2), we obtain
%,(B)$  (B*)# “# % =" ((B)! 4(B%)a, (4)
Equation (4) is caled a mutiplicaive sea®nal model of order(p,d,q)x(P,D,Q), (see

Montgomery, Johnson, and Gardiner®).

2.2 Time SeriesModel Building

We use the portion of the data from January 2002 to Felruary 2002 (see Figure 2a) to find an
aporopriate model for the overall proces. We selected this period becase it occus prior to the
meanshift (which would influence the egimated value of the coefficierts in time seriesmodel). To
use this model with the proces, we make two asumptions. First, we assume that the demard
process of platelets hasthe samemodel whenit isin control. Secadly, whenthere is no meanshift,
we assume the variance of the redduals from the time series model is known and constart. We
follow the Box and Jerkins' threestep model building proces of model idertificaion, model
fitting, and diagnostic checking. We use Minitab to facilitate the model building.
Model Idertification

From the time series plot of the data, we find a weekly cycle which mears that the pattern of
Monday through Sunday is similar every week For our data, the behavior of the autocorrelation
function (ACF) (Figure 2b) ard the partial ACF (PACF) (Figure 2c) also confirm that this seriesis
sea®nal.

The ACF ard PACF of sea®nal differences(Figures2d and 2e) sugged an ARIMA (1, 0, 0) !

(0, 1, 1) model. The rea®n is that at low lags, the PACF tends to cut off afterlag 1, suggeging the



AR(1) part of model. But there also is a spike in the ACF at the sea®nal lag 7, suggeding the
sea®nal MA. Consequertly, the identification stage suggess an ARIMA (1, 0, 0) ! (O, 1, 1),

sea®nal model.
Model Fitting
We edimate the parametersin the idertified model asgivenby

Y, =10.28Y%,,+Y,,+0.28Y,,+a ! 0.833%,, (5)
where Y, isanobservation attime, a, isindeperdent ard iderticaly distributed (iid) with mean0

and variancec’. We refer to (5) asthe reference model of the sea®nal time seriesdata.
Diagnostic Checking

In gereral, we believe that the fitted model is appropriate when the resduals from the fitted
model behave like white noise. For our data, the ACF of the data from Jarnuary to Felruary indeed
indicatesa good model fit, with white noise residuals asseenin the first 60 observations of Figure

2f.

2.3. Using the Time SeriesModel for the Entire Series

In preparaion of the next section it is informatve to aso consider the resduals from our fitted
model over the ertire data collecion period. Notice that in the time seriesplot of the original data
(Figure 1), the meanshift manifess asa step function in the smooth curve, i.e, it starts at alevel of
aporoximatly 140, then at time 65, steps down to a level of approximatkly 70 and stays at that
level. However, asshown in Figure 3, the redduals from the fitted model, the meanshift downward
still occurs attime 65, but gradually tends back up to zera This time-varying meanof the redduals
has the same pattern as what is referred to as the fault signature. This pattern depends on the

characteristics of ARIMA model and corregponds to the suitahility of the model for forecasing



(eg., see Apley ard Shi*!, and Hu and Roan™®). We will discuss the concept of the fault signature

furtherin the next section aswe develop the needed Cuscore statistics.

3. CUSCORE CHARTS

As discussed in the introduction, Box and RamteZ proposed a Cuscore chart to idertify suspecied
deviations known to be characeristic of (or pecuiar to) the monitored system. In this secton, we
build upon their work to develop the Cuscore statistic for detecing a mean shift in a sea®nal time
series We include discussion of the mismatch problem which pertains to the compatibility between
the actual and expected informaion upon which the Cuscore statistic is predcaed . We also

provide our simulation procedure for determining the control limits.

3.1. Cuscore Satistics
Box and Ram'rez® suggesedthatif amodel canbe expressedin the form
a,=a,(y,,x;! i=12,...t (6)

where the y; areobservations, the X; areknown quartities 0 is some unknown parameter, the a Os

are indeperdent normal ranrdom variabes with meanand variance of (i.e., white noise). ! is

known and doesnot depend on !, thenthelog likelihood is givenby

1

t
| =! #a’+c,
2n 2 i:la1

where cis aconstart thatdoesnot deperd on ! .
Following Fisher, the efficient score statistic is obtained from (2) by differertiaing with

regpectto 6 at! =!,. Thus

$ayd, with d=!-%
1

I n
# =,



where the null values a;,, areobtainedby setting ! =/ ,in (2). We say that

t
0= ' a,d,
i=1

is the Cuscore associated with the parameer value ! =/ , and d; is the detecor. Introducing the

reference value K. , the Cusocre statistic becanes
t
Q=1 (a," k)d (7)
i=1
The appropriate reference value k; canberepresentedby ki =nd. /2, where! isthe amean shift
magnitude of particular interes (seeBox and Ram’rez'"). However, the Cuscore chart might be run

without the refererce value by simple taking k£, =0 (seeLuce-0"). Box and Luce-0™ show that

the Cuscore statistic is looking for a specific signal f whichispresentedwhen! =/ .

The appropriate equation for calculating Cuscore statistics to detect a meanshift in the data is
derived from the construction of the seasonal time seriesmodel. In this derivation, it is convenent
to use the backshift notation ascommaonly done in time seriesmodeling. Accordingly, we express
our referercemodel in (5) as

(1+0.28B)(1! B)Y. =(1! 0.83FB")a, (8)

If welet” =10.281 and ¥ = 0.833, we canexpress (8) more gererally as

(1#"B)(1# B7)Yt =(1#!B7)a[. 9)
Note that we canwrite (9) in terms of the observations or white noise as

_ @B
Y@ "B)@! BY)

3, (10)

or,



, = (A#"B)(1# B")
! (1#!B") :

(11)

We use the model in (11) to derive the Cuscore statistic asfollows.
According to Apley and Sh'!, whenthereis ameanshift, the auocorrelated processis given by
Z =Y+, (12)
where [ is the magitude of the fault and f, is a deterministic meanshift fault of unit magitude

occuring in the original data and hasthe form

"Ot<t,
f=#
$Lt! ¢,
where t, isthe time of occurence of the meanshift. The resduals of a process with a mean shift as
givenby (12) aredernotedby e which hasthe samepattern as a,in (11). Therefore, the equation for
eis

n 7
o =W BYA#ET)
(1#!B7)

(13)

From (11), (12), and (13), we get
g =a +if, (14)
where

F (1#"B)(1#B")
‘ @a#/s’y

We refer f asthe faut signature, which represerts the time-varying meanof the resduals. For our

sea®nal model, the corregonding fault signatureis



$0,¢ <t,
|
- iLe=1,

= oyt =1y + Tn+m (15)

WO %) =1, + T

wheren=01,2,..../ ; m=12,...,6; ard ty isthe actual time of the meanshift.
The fault signature plays animportart role in determining Cuscore statistics. For our model, we

would like to detect the change in parameter (4 from a nominal value of £ =0. Using (14), we

obtain the resduals from our model by setting t =0:

2, =8/, =8-

From (14), the detector to detecta meanshift in our model is

= f (16)

When we know the time of the mean shift, there is a match betweenthe resduals and the detectbor

and we use t; in the calculation of f When we do not know the time of the meanshift, thereis a

mismatch betweenthe resduals and the detecbor; in this case we make the egimate © and write the
fault signature asff. (When t% =t,then f= ff.) Thus, in gereral, the Cuscore for monitoring a

meanshift in our processis givenby
Q =Z(el_kt)i;ﬁ or Q =Qu +(g! k1)th

where Q, =0.

In order to detect a positive meanshift, we have

0 =maxQ,0;, +(e, ! k,)fy) (17a)

and in order to detect a necative meanshift, we have

10



Q =min(0,Q7, + (& +k,) f,) (17b)

where Q;,Q, are both zera

3.2. The Control Limit (h) for the Cuscore Chart

The Cuscore chart signals an out of control condition when in (17a) and (17b), Q,> h or

Qt!!1< -h, regpectvely where h is the control limit. The length of time that chart signals an out-of-

control condition after the real occurence of a meanshift is calledthe run length. Through repeatd
simulation trials, the average run length (ARL) is determined
For our Red Cross invegigation, we selected 500 asour desredin-control ARL, which mears
that for anin-control proces we allow on average one false alam in every 500 observations. Our
gereralsimulation approach (implemerted using SAS ) usesthe following four stes.
)] Gererake an ARIMA (1,0, 0) ! (0, 1, 1); series Spedfically, we gererat realizations
of Y, in (5) for 1000 observations.

i) Obtain the resduals from the time series model acwrding to (11). (These resduals
should behave like a white noise sequence.)
iii) Calculate the Cuscore statistic using (17). At this point, we will have a Cuscore chart
for one series
iv) Repeat steps i), i), ard iii) 10,000 times Sekct the control limit h that gives an in-
control ARL of 500 for these 10,000 repetitions.
In step iv, we use the repeated trials to converge on the control limit, h. Finally, we obtain the
threshold that cawsesthe Cuscore chart to signal at time 500 on average, and we use this threshold

asa control limit to detectthe meanshift.

11



4. DETECTING A MEAN SHIFT IN SEASONAL TIME SERIES

Now that we have egahblished the Cuscore modeling approach we return to our case study data.
As mertioned in the introduction, Red Cross does realze that from time to time, a meanshift will
occu in the proces. Events such as weaher emergencies will cause a dramatic increa® in the
number of blood platelets ordered There may also be maore subtle, but nevertheless importart,
changesin the order level.

To monitor this proces using the Cuscore statistic, the time of the meanshift is incorporated
into the fault signature (15) and henceinto the Cuscore statistic (17). The bed-cas scerario is that
we predct the time of occurence of the mean shift at exacty the timethat it realy occus, thatis
i?) =1,. In such a cas, therewill be a match betweenthe resduals and the detector, making the use
of the Cuscore straightforward. In realty, however, we are unlikely to have prior information on
when the meanshift will occur or, in other words, when therewill be a differencein the level of
platelets ordered Consequertly, in the determination of the Cuscore statistic there will be a
mismatch betweenthe detecor and the redduals. In the presence of a mismatch the applicaton of
the Cuscore becames challenging. We invedigate both the maich and mismatch ca®s in this

secton.

4.1. Detecton in the Case of a Match

The first step is to calculate the Cuscore statistic. For the purpose of the invedigation, we
construct the Cuscore charts with k, =0 and k, =/ aﬁ /2 by asuming that the mean shift
magnitude in our interes is one standard deviation of the white noise process (! ,) in the later cas.

The calculations of the Cuscore statistics when k, =0 areshown in Table 1. Note that Q is for

detecing a negative mean shift (as we expect in this particular situation). Using the simulation

procedire discussedin Secton 3.2, we determine that the control limits are approximately 188 ard

12



188 to detect positive ard negative mean shift. As shown in Figure 4, the Cuscore chart signals a

necative meanshift at observation 67, just two time periods later than the actual occurence. Note
that the Cuscore chart with k, = (! /2) ﬂ detect a negative meanshift at time 66, just one time

|ater thanthe actual occurence.

4.2. Detection in the Case of a Mismatch

If we do not have ary information on the time of the meanshift, in termsof mismatch, the
worst-case scerario happens when we align the resduals from the time when the meanshift just
occus with the loweg possible valuesof the fault signature. Our approachto address this problem
is to reset the detecor. The time period interval for resting the detecor depends on the
charecteristics of the model. For examgde, since our cas study is sea®nal model with weely cycle,
we should reset the value of the detecior on a multiple of weeks. Note that we refer to this time
period interval asareinitialization cycle.

Specffically, we chose to reset or reinitial the values of detectors every eight weels, or the
reinitializaion cycle is eight weels, in order to balance the interes¢s of awoiding too mary
recatulations of the detectors while still detecting the meanshift thatis importart to the Red Cross.

As the reallt, there are 56 possible alignmerts according to the number of days for each

reinitializaion cycle. Among these 56 cass the Cuscore chart with k, =0 for the worst case

mismatch indicakes the negative mean shift at observation 73, eight time periods later than the

actual occurence. This Cuscore chart is shown in Figure 5. On the other hand, the Cuscore chart
with Kk, =(/ /2)f~t for the worst cas mismatch also indicakes the negative mean shift at

observation 73, eight time periods later thanthe actual occurence.

13



5. COMPARISON TO THE CUSUM CHART

In the previous section, we showed that for our ca® study data, the Cuscore chart with kt =0
could detect the process meanshift after just two time periods when thereis a match betweenthe
resduals and detecor, and in eight periods whenthereis a mismatch (worse-case scerario). At the
sametime, the Cuscore chart with k, = (! /2) ﬂ could detect the process meanshift after just one

time period when thereis a match betweenthe resduals and detector, and in eight periods when
thereis a mismatch (worse-case scerario). A natural follow-up quedion, is how the Cusum chart
would compare under the same circumstances since it is more commonly used to detect a mean
shift.

To calculate the Cusum statistic, we use
S="(a!ky) or S=8.+8 -k

where K, isthe reference value for the Cusum chart

For this study, we set the value of ks to zerobecaise the stead/ state value of the resduals is

zero(seeShu, Apley, ard Tsung™). In order to detect a positive meanshift, we have
S =max(0, S, +&)
and in order to detect a necative meanshift, we have
§ =min(0,S,, +§)
where S;,S, are both zera
We genrerate the Cusum chart following the same method asused (and describedin Section 3.2)
to creat the Cuscore chart In cas that the reference value is set to zero, we determine that control
limits of 720 and 720 to detect positive and negative mean shift, repecively, will give anin-

control ARL of 500. The Cusum chartin Figure 6 indicatsa negative meanshift at observation 75,

tentime periods later thanthe actual occurrence.

14



6. DISCUSSION AND CONCLUSION

The Cuscore chart is a powerful tool for deteciing proces upsets with charactristics that are
known in advarce. In this paper, we developed the appropriate Cuscore statistic for a sea®nal time
series model. We were mativated by an applicaion involving the demard for blood platelets
orderedfrom the Red Cross. We built a model for the data set we were provided and found that it
indeedhad a seasonal cycle. We applied the Cuscore chart to this data found that it performedwell
in detecing a meanshift.

An important componert of this developmert is to address the mismatch problem. We note that
thereare other invegigations in nonsea®nal time series wherethe mismath is not anissue because
the time of a shift is assumedto be approximatly known. For example, Luce-0"° asumesthat the
number of suspected periods at which the signal may appearis small and known in advance, so that
the Cuscore chart is started when any suspected period is reacled (such asmay be the ca®e whena
new batch erters the proces). Shu et al.'’ address the mismatch problem (again for nonseasnal
time serieg using a so-called triggered Cuscore, that uses future observations of the time seriesto
make a decision in the currert period. In our developmernt, we allow for a mismatch and emable the
Cuscore by restting the detector. This allows our approachto be used in real time (as opposed to
requiring future observations) without requiring informaton on the time of the signal. In this eraof
increasng on-line data collecton, we believe thes reallts offer an important step forward for
proces monitoring.

In future work, we may be alle to secue more data on the proces (or a similar proces) to
invedigate how well our model works during other periods. Nonetheless the currert reaults indicae
the merit of continuing the line of invedigaton using other typesof sea®nal models (such asthose
with higher order or those with other types of sea®nality). This will open the possibility of

gereralzing the reallts to detect the fluctuation in demard proces other business and ecanomic

15



purposes In addition, this method will be useful for improving industrial procesesthat depend on

forecased demard of time seriesdata.
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